Strong micro-macro entanglement from a weak cross-Kerr nonlinearity by Wang, Tian et al.
ar
X
iv
:1
41
2.
30
90
v1
  [
qu
an
t-p
h]
  9
 D
ec
 20
14
Strong micro-macro entanglement from a weak cross-Kerr nonlinearity
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We study the entanglement generated by a weak cross-Kerr nonlinearity between two initial coherent states,
one of which has an amplitude close to the single-photon level, while the other one is macroscopic. We show
that strong micro-macro entanglement is possible for weak phase shifts by choosing the amplitude of the macro-
scopic beam sufficiently large. We analyze the effects of loss and discuss possible experimental demonstrations
of the micro-macro entanglement based on homodyne tomography and on a new entanglement witness.
PACS numbers:
Kerr nonlinearities (or photon-photon interactions) in ap-
propriate media are both interesting from a fundamental quan-
tum optics point of view and attractive for photonic quantum
information processing. Strong Kerr nonlinearities in the op-
tical domain are being studied in various systems including
cavity QED [1] and Rydberg states [2]. However, weak non-
linearities, such as those that can be induced in atomic ensem-
bles by the AC Stark shift, have recently also received a lot
of attention, in particular for quantum non-demolition (QND)
detection [3], but also for other tasks in quantum information
processing [4]. The protocols considered for weak nonlinear-
ities typically involve light at the single-photon level interact-
ing with one or more strong coherent beams [5]. This is pos-
sible because, in contrast to most schemes for strong photon-
photon interactions, weak nonlinearities are usually not satu-
rated by light at the single photon level, allowing the use of
macroscopic input beams. There has recently been significant
experimental progress on weak cross-Kerr nonlinearities [6].
In particular, Ref. [7] demonstrated a cross-Kerr phase shift
of 0.3 mrad per photon using an atomic vapor in a hollow-core
photonic bandgap fiber.
The creation of quantum effects such as superpositions and
entanglement involving mesoscopic or macroscopic systems
is currently being pursued in a number of areas including
atoms [8, 9], molecules [10], superconducting circuits [11],
optomechanics [12, 13], and purely optical systems [14]. In
particular, micro-macro entanglement of light was generated
by displacing single-photon entangled states in phase space
[15]. The entanglement in the latter experiments was rela-
tively weak. Inspired by the recent progress on weak Kerr
nonlinearities and on macroscopic quantum states of light, we
here study the entanglement generated by a weak cross-Kerr
nonlinearity between two coherent beams, one of which is
close to the single-photon level, while the other one is macro-
scopic. As mentioned above, this regime is particularly rele-
vant for ongoing experimental research programs in quantum
information processing. We show that strong micro-macro en-
tanglement is possible for weak per-photon phase shifts by
choosing the amplitude of the macroscopic beam sufficiently
large. In the absence of loss, increasing the weaker field in-
creases the entanglement. This behavior changes in the pres-
ence of loss, where the entanglement starts to decrease again
FIG. 1: Pictorial representation of the pure entangled state Eq. (1)
created by a cross-Kerr nonlinearity starting from two initial coher-
ent states |α〉|β〉 in the absence of loss. Fock states |n¯ + k〉 (where
n¯ = α2) for the first mode are correlated with coherent states with
phases proportional to (n¯ + k)θ for the second mode, where θ is the
weak cross-Kerr phase shift. The same correlation also holds when
the roles of the modes are exchanged, see Eq. (1). Increasing θ
causes a larger separation between neighboring coherent states and
thus results in larger entanglement until neighboring coherent states
are well separated in phase space, at which point the entanglement
saturates. The total entanglement is bounded by the number of sig-
nificant (well-separated) terms in the expansion Eq. (1), which is of
order 2α (assuming α ≤ β).
if the weaker amplitude is increased too much. We also dis-
cuss potential experimental demonstrations, based on homo-
dyne tomography and on an entanglement witness that we in-
troduce below.
We now describe our results in more detail. We first discuss
the lossless case. The Hamiltonian for a cross-Kerr medium
is H = χnˆ1nˆ2. A weak nonlinearity is described by a time
evolution operator U = e−itH = e−iθnˆ1nˆ2 , where θ = χt ≪ 1.
When U acts on two initial coherent states |α〉1|β〉2 one obtains
the state
|ψ〉 =
∞∑
n=0
e−
α2
2
αn√
n!
|n〉1|βe−inθ〉2 =
∞∑
n=0
e−
β2
2
βn√
n!
|αe−inθ〉1|n〉2,
(1)
where we have taken α and β real for now for simplicity. One
sees that the photon number in mode 1 is perfectly correlated
with the phase in mode 2 and vice versa, see also Fig. 1. These
2number-phase correlations are the basis for our entanglement
witness derived below.
We now analyze the amount of entanglement in the state of
Eq. (1). We focus on the micro-macro regime β ≫ α and on
the first expansion in Eq. (1), which is in terms of photon num-
ber states for mode 1 and coherent states with different phases
for mode 2. The overlap of two coherent states with different
phases is |〈βe−inθ|βe−imθ〉|2 = e−2β2(1−cos((m−n)θ)) ≈ e−(βθ(m−n))2 .
As a consequence, for βθ & 1, subsequent coherent states
in the expansion are close to being orthogonal, see also Fig.
1. The state is clearly non-Gaussian in this regime, since the
peaks corresponding to different coherent states in Fig. 1 are
well-separated. Even for very small values of θ there is al-
ways a value of β large enough to achieve this condition. Note
that the same condition is also required for quantum non-
demolition detection [3]. Increasing β (or θ) further beyond
this point does not increase the amount of entanglement sig-
nificantly. The total amount of entanglement is then deter-
mined by the number of significant bi-orthogonal terms in the
expansion, which is governed by the Poisson distribution for
mode 1 (still assuming that α ≪ β). This number is of or-
der 2α, see also Fig. 1. One can thus increase the amount of
entanglement at will by increasing α.
However, our discussion so far was for the ideal case. We
now analyze how the entanglement is affected by photon loss.
We focus on loss after the state has been created (such as de-
tection loss), since loss before the nonlinear operation only
changes the amplitude of the coherent states, and loss during
the operation can be made quite small in practice [7].
Losses can be modeled by beam splitter operations between
modes 1 and 2 and vacuum modes 3 and 4 respectively, of the
form |α〉1|0〉3 → |t1α〉1|r1α〉3 with t21 + r21 = 1 etc. From the
first identity in Eq. (1), one can e.g. first treat the loss in mode
2 in this way. The key step is to expand the coherent states
in modes 2 and 4 and recombine the relevant terms in order to
write mode 1 in terms of coherent states. Then we can treat the
loss in mode 1 simply by performing a beam splitter operation
with mode 3. This gives the four-mode state
∞∑
m,k=0
e−
β2
2
(t2β)m√
m!
(r2β)k√
k!
|t1αe−i(m+k)θ〉1|m〉2|r1αe−i(m+k)θ〉3|k〉4
=
∞∑
m,k=0
e−
α2
2
(t1α)m√
m!
(r1α)k√
k!
|m〉1|t2βe−i(m+k)θ〉2|k〉3|r2βe−i(m+k)θ〉4,(2)
where the second expression can be similarly obtained starting
from the second identity in Eq. (1). One can see that the en-
tanglement between modes 1 and 2 leaks into the loss modes
3 and 4.
We quantify the entanglement in the presence of loss by nu-
merically calculating the Logarithmic Negativity (LN) , which
is defined as log2 ||ρTA ||1, where ρ is the reduced density ma-
trix for modes 1 and 2, and ρTA is its partial transpose. The
LN is known to be an entanglement monotone [16]. Note that
the value of the LN for a two-qubit singlet state is 1. For sim-
plicity we will focus on the case of symmetric loss, defining
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FIG. 2: Logarithmic negativity (LN) as a function of βθ for α = 4
and different values of β and of the loss ℓ. The solid curves are for
β = 40, with ℓ increasing from top to bottom. The results for β = 80
(stars) and β = 160 (circles) fall exactly on the curves for β = 40,
showing that the LN is only a function of the combination βθ in the
considered regime (α ≪ β, θ ≪ 1). One sees that the entanglement
saturates for βθ & 1 in the lossless case, but attains a maximum in
the cases with loss.
the loss percentage ℓ = r21 = r
2
2 .
We now discuss our results. Figure 2 shows three important
points. First, as expected from our above discussion, the LN
can take values that are significantly greater than one. Second,
in the regime of large β and small θ the LN is a function only
of the product βθ, which determines the separation between
the neighboring coherent states as shown in Fig. 1 and in Eq.
(1). One can see that the results for different values of β and
θ all fall on the same curve. This makes it possible to extrap-
olate our results to smaller values of θ and larger values of β,
where a direct numerical calculation of the LN is not possi-
ble. For comparison, Ref. [7] demonstrated θ = 0.0003 with
α = 4 and β = 450, which gives βθ = 0.135. Fig. 2 shows that
this would already be sufficient to demonstrate an LN of or-
der one for reasonable loss values, with significantly increased
LN possible for modestly improved βθ. Third, in the lossless
case the entanglement saturates as a function of βθ, exactly as
expected from the discussion after Eq. (1). In contrast, in the
presence of loss, there is an optimal value of βθ. Greater sep-
arations between neighboring coherent states make the state
more like a “cat state”, and hence more fragile to photon loss.
This is because for greater separations the states of the loss
modes corresponding to the different terms in Eq. (2) become
more orthogonal, leading to faster decoherence.
There is a similar phenomenon when α is increased, as
shown in Figure 3. Fig. 3(a) shows the LN as a function of α.
One sees that in the lossless case, the entanglement increases
monotonically with α. With loss, this is no longer true. There
is an optimal value for α, which decreases as a function of the
loss. This is further elucidated by Fig. 3(b), which shows the
LN as a function of loss. One sees that the entanglement de-
creases with loss, which is not surprising. More interestingly,
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FIG. 3: (a) Logarithmic negativity (LN) as a function of α for dif-
ferent values of the loss ℓ, for βθ = 1 (β = 50). The entanglement
increases with α in the lossless case, but attains a maximum in the
presence of loss. (b) Logarithmic negativity as a function of loss ℓ
for different values of α, for βθ = 1 (β = 50). Greater values of α
yield greater entanglement in the lossless case, but this entanglement
is more fragile under loss.
while greater values of α give greater entanglement for zero
or very low loss, the entanglement decreases much faster for
greater α. This can be understood intuitively because greater
values of α correspond to greater separations between the ex-
tremal terms in Eq. (1), see also Fig. 1. One can also view this
result as a manifestation of a general trend that more macro-
scopic quantum effects tend to be more fragile [17].
Figures 2 and 3 also show that there can be some entangle-
ment even for large values of the loss (even more than 50 %),
provided that α, β and θ are chosen appropriately.
An experimental determination of the logarithmic negativ-
ity requires finding the density matrix, which can be done by
homodyne tomography [18]. Let us note that in the regime
αθ ≪ 1 that we are interested in here, the state of the macro-
scopic mode is well localized in phase space since it subtends
an angle of order 2αθ when viewed from the origin, see also
Fig. 1. This means that it can be brought to the vicinity
of the vacuum state by a phase space displacement, which
should make tomography manageable even for large values
of β. Nevertheless we now introduce an alternative approach,
which does not require reconstruction of the full density ma-
trix, but is based on an entanglement witness.
Our witness is inspired by the Duan criterion for two-mode
squeezed states [19], which have EPR correlations of the form
FIG. 4: Entanglement witness W of Eq. (6) as a function of θ for
α = 2, β = 50, and loss ℓ = 0, 0.01, 0.1, 0.5 from top to bottom. The
witness shows entanglement above the line W = 1.
xˆ1 + xˆ2 = 0, pˆ2 − pˆ1 = 0. Analogously, our state has the
number-phase correlations shown in Eq. (1), which can infor-
mally be written as ˆφ1 + θnˆ2 = 0, θnˆ1 + ˆφ2 = 0. Of course
the difficulty is that the phase operators ˆφ1, ˆφ2 are not well
defined. Fortunately the quadrature operators pˆ1, pˆ2 can play
an analogous role since
〈
αe−inθ| pˆ|αe−inθ
〉
= α sin(nθ) ≈ αθn.
Based on this intuition we define the operators
uˆ = pˆ1 + αθnˆ2, vˆ = βθnˆ1 + pˆ2. (3)
Following closely the derivation of Ref. [19] one can show
that for all separable states
〈(
∆û
)2〉
+
〈(
∆̂v
)2〉 ≥ |βθ〈xˆ1〉| + |αθ〈xˆ2〉|. (4)
We can therefore define the entanglement witness w =
|βθ〈xˆ1〉|+|αθ〈xˆ2〉|
(∆uˆ)2+(∆vˆ)2 . Whenever w > 1 the state has to be entangled.
In practice it is advantageous to use a slightly modified wit-
ness which takes into account two important effects. First,
under the time evolution e−inˆ1nˆ2θ each beam undergoes an
average rotation, corresponding to a phase factor e−i|β|2θ for
the first beam and e−i|α|2θ for the second beam. This leads
to very fast oscillations for the witness w. These oscilla-
tions can be eliminated by redefining the initial states as
|α〉1 = ||α|ei|β|2φ〉1, |β〉2 = ||β|ei|α|2φ〉2, and by replacing the op-
erators u and v defined above by ˆu′ = pˆ1 + α(nˆ2 − |β|2)θ, ˆv′ =
pˆ2 + β(nˆ1 − |α|2)θ. Second, in the presence of loss the am-
plitudes α and β should be rescaled. This finally leads to the
operators
ˆU = pˆ1 + t1|α|(nˆ2 − t22 |β|2)θ , ˆV = pˆ2 + t2|β|(nˆ1 − t21 |α|2)θ (5)
and the final form of our witness
W =
t2|βθ〈xˆ1〉| + t1|αθ〈xˆ2〉|
(∆ ˆU)2 + (∆ ˆV)2 . (6)
Fig. 4 shows our results for the witness W. Most impor-
tantly, it allows one to detect entanglement for reasonable val-
ues of the loss, even though it is more sensitive to loss than
the logarithmic negativity. In contrast to the latter, it attains a
maximum as a function of θ even in the absence of loss, and
4the decay for θ increasing beyond that point is faster than for
the logarithmic negativity.
We have focused on the micro-macro regime, α≪ β. While
this is well motivated experimentally, we would still like to
comment briefly on the macro-macro regime, α ∼ β≫ 1. The
regime where αθ ∼ βθ ≪ 1 is similar to two-mode squeezing.
The clearly non-Gaussian regime where αθ ∼ βθ & 1 (where
there are many well-separated peaks in phase space) is more
difficult to analyze both theoretically and experimentally. Cal-
culating the logarithmic negativity becomes intractable nu-
merically, and our witness is also no longer suitable. Homo-
dyne tomography also becomes much more difficult because
the state can no longer be brought to the vicinity of the ori-
gin by simple displacements, see Fig. 1. However, our results
in Fig. 3 suggest that the entanglement in this regime is very
sensitive to loss, so experiments are likely to be unrealistic in
any case for this reason.
We now discuss experimental demonstrations of the micro-
macro entanglement analyzed above. We already discussed
the fact that determining the logarithmic negativity requires
homodyne tomography. The approach based on the witness
W does not require full reconstruction of the state, but it does
require the ability to perform both homodyne detection (to
measure xˆ and pˆ) and photon counting (to measure nˆ). Loss
causes “vacuum noise” contributions to the quadratures of or-
der ∆x ∼ ∆p ∼
√
ℓ. It also causes an effective uncertainty in
the photon number of order ∆n ∼
√
ℓn, where n is the total
photon number, since the lost photons are essentially Poisson
distributed. Our results on the effects of loss can therefore also
be viewed as results on the necessary measurement precision,
see also Ref. [20]. High-efficiency and low-noise homodyne
detection was implemented e.g. in Ref. [21], while photon
counting of large photon numbers with a precision much bet-
ter than
√
n was demonstrated in Ref. [22].
Some schemes for cross-phase modulation also generate
self-phase modulation for one or both beams. However, the
ladder scheme of Ref. [7], for example, avoids self-phase
modulation for the strong beam, whereas self-phase modu-
lation for the weak beam is expected to be very weak when its
amplitude is close to the single-photon level. There are also
schemes that generate a pure cross-Kerr nonlinearity such as
that of Ref. [23]. Note that self-phase modulation is a local
operation that commutes with the cross-Kerr Hamiltonian, so
it would not change the degree of entanglement (or the LN),
but it would have to be taken into account or compensated
when measuring the witness.
Our work was primarily motivated by recent experimen-
tal progress in the optical domain. Another promising sys-
tem in this context is light stored in Bose-Einstein conden-
sates, where significant cross-Kerr nonlinearities in combi-
nation with very low loss should be achievable [24]. Large
Kerr nonlinearities [25] and substantial cross-Kerr nonlinear-
ities [26] have already been obtained in the micro-wave do-
main using superconducting qubits. The present results could
be of interest in these systems as well. Both in the optical and
in the microwave domain it might be possible to map the cre-
ated entangled state onto mechanical systems [12, 13], which
can be seen as further enhancing the degree of macroscopicity
[27].
As mentioned before, the situation considered in the present
work can be seen as an amplification of the weak cross-Kerr
nonlinearity by the strong coherent beam. We have seen that
this can create strong micro-macro entanglement in a deter-
ministic fashion. This approach to weak nonlinearities is
thus distinct from the probabilistic weak-value based ampli-
fication scheme of Ref. [28] and the conditional entangle-
ment generation schemes of Ref. [29]. The non-Gaussian
character of the generated entanglement could be beneficial
for continuous-variable quantum information processing and
quantum metrology [9, 30].
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